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Abstrat
This artile exhibits onditions under whih a ertain paraboli group
ohomology spae over a nite eld F is a faithful module for the Heke
algebra of uspidal Katz modular forms over an algebrai losure of F.
These results an e.g. be applied to ompute uspidal Katz modular forms
of weight one with methods of linear algebra over F.
MSC Classif.: 11F25 (primary), 11F33, 11F67, 11Y40 (seondary).
1 Introdution
The spae Sk(Γ1(N),C) of holomorphi modular usp forms of weight k ≥ 2
for the group Γ1(N) for some integer N ≥ 1 is related to the paraboli group
ohomology of Γ1(N) by the so-alled Eihler-Shimura isomorphism (see e.g.
[5℄, Theorem 12.2.2)
(1.1) Sk(Γ1(N),C)⊕ Sk(Γ1(N),C) ∼= H
1
par(Γ1(N),C[X,Y ]k−2),
where C[X,Y ]k−2 denotes the C-vetor spae of homogeneous polynomials of
degree k−2 in two variables with the standard SL2(Z)-ation. For the denition
of the paraboli group ohomology see Setion 2. On the modular forms, as well
as on the group ohomology one disposes of natural Heke operators, whih are
ompatible with the Eihler-Shimura isomorphism. An immediate observation
is that H1par(Γ1(N),C[X,Y ]k−2) is a free module of rank 2 for the omplex
Heke algebra TC generated by the Heke operators in the endomorphism ring
of Sk(Γ1(N),C). This implies, in partiular, that H
1
par(Γ1(N),C[X,Y ]k−2) is a
faithful TC-module.
In general there is no analogue of the Eihler-Shimura isomorphism over
nite elds. However, in the present artile we show that the above observation
generalises to uspidal Katz modular forms over nite elds in ertain ases.
Let now TFp denote the Fp-Heke algebra generated by the Heke operators
inside the endomorphism ring of the uspidal Katz modular forms Sk(Γ1(N),Fp)
of weight k ≥ 2 for Γ1(N) over the eld Fp. In view of the observations from
the Eihler-Shimura isomorphism two questions arise naturally.
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(a) Is H1par(Γ1(N),Fp[X,Y ]k−2) a faithful TFp-module?
(b) Is H1par(Γ1(N),Fp[X,Y ]k−2) free of rank 2 as a TFp-module?
A positive answer to Question (b) learly implies a positive answer to (a).
Using p-adi Hodge theory (in partiular the artile [10℄), Edixhoven shows in
Theorem 5.2 of [8℄ that Question (a) has a positive answer in the weight range
2 ≤ k ≤ p − 1. Emerton, Pollak and Weston were able to dedue from the
fundamental work by Wiles on Fermat's last theorem that Question (b) is true
loally at primes of the Heke algebra whih are p-ordinary and p-distinguished
(see [9℄, Proposition 3.3.1) for Zp-oeients and the full ohomology (i.e. not
the paraboli subspae), from whih the result follows for Fp-oeients and
the full ohomology. We should mention that a positive answer to Question (a)
with Zp-oeients does not imply a positive answer over Fp.
The main result of the present artile is to answer Question (a) positively
loally at p-ordinary primes of TFp in the weight range 2 ≤ k ≤ p + 1 (see
Corollary 6.9). A similar result for uspidal modular forms for Γ1(N) with a
Dirihlet harater follows under ertain rather weak assumptions (see Theo-
rem 7.4). These results are obtained using tehniques that were inspired by the
speial ase p = 2 of [8℄, Theorem 5.2.
Let us point out the following onsequene, whih presented the initial mo-
tivation for this study. If the answer to Question (a) is yes, we may om-
pute TFp via the Heke operators on the nite dimensional Fp-vetor spae
H1par(Γ1(N),Fp[X,Y ]k−2). This an be done expliitly on a omputer and only
requires linear algebra methods. The knowledge of the Heke algebra is very
interesting. One an, for example, try to verify whether it is a Gorenstein
ring. This property is often implied when the Heke algebra is isomorphi to a
deformation ring (as e.g. in [24℄).
Tehniques from [8℄, Setion 4, show how uspidal Katz modular forms of
weight one over Fp an be related to weight p. We observe in Proposition 8.4
that the orresponding loal fators of the Heke algebra in weight p are p-
ordinary. Hene, a onsequene of our result is that methods from Fp-linear
algebra an be used for the omputation of weight one Katz usp forms (see
Theorem 8.5). The author arried out some suh alulations and reported on
them in [21℄.
It should be mentioned that if one is not interested in the Heke alge-
bra struture, but only in the systems of eigenvalues of Heke eigenforms in
Sk(Γ1(N),Fp), one an get them diretly from H
1(Γ1(N),Fp[X,Y ]k−2) for all
k ≥ 2 (see e.g. [22℄, Proposition 4.3.1). However, there may be more systems of
eigenvalues in the group ohomology than in Sk(Γ1(N),Fp), but the extra ones
an easily be identied.
This artile is based on the use of group ohomology. The author studied in
his thesis [22℄ and the artile [23℄ relations to modular symbols and a ertain
ohomology group on the orresponding modular urve. All these agree for
instane for any ongruene subgroup of SL2(Z) if the harateristi of the base
eld is p ≥ 5 or in any harateristi for the group Γ1(N) with N ≥ 5.
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We add some remarks on Katz modular forms. As a referene one an use
[6℄, [14℄ or [5℄. For R = C, the Katz uspidal modular forms are preisely the
holomorphi usp forms. Under the assumptions N ≥ 5 and k ≥ 2 one has
Sk(Γ1(N),Z[1/N ])⊗R ∼= Sk(Γ1(N), R) for any ring R in whih N is invertible.
In partiular, this means that any Katz usp form over Fp an be lifted to
harateristi zero in the same weight and level. The previous statement does
not hold for weight k = 1 in general.
Katz usp forms over Fp for a prime p play an important rle in a modied
version of Serre's onjeture on modular forms (see [7℄), as their use, on the
one hand, gets rid of some harater lifting problems, and on the other hand,
allows one to minimise the weights of the modular forms. In partiular, odd,
irreduible Galois representations Gal(Q|Q) → GL2(Fp) whih are unramied
at p are onjetured to orrespond to Katz eigenforms of weight one.
Finally, we should mention that William Stein has implemented Fp-modular
symbols and the Heke operators on them in Magma and Python. One ould
say that this artile is also about what they ompute.
Aknowledgements
This artile has grown out of Chapter III of my thesis. I would like to thank my
thesis advisor Bas Edixhoven for very helpful suggestions, and Theo van den
Bogaart for sharing his insights in algebrai geometry.
1.1 Notation
We denote by Mat2(Z)6=0 the semi-group of integral 2 × 2-matries with non-
zero determinant. On it one has Shimura's main involution
(
a b
c d
)ι
=
(
d −b
−c a
)
.
For a ring R the notation R[X,Y ]n stands for the homogeneous polynomials of
degree n in the variables X,Y . We let
Vn(R) := Sym
n(R2) ∼= R[X,Y ]n
whih we equip with the natural left Mat2(Z)6=0-semi-group ation. If V is an
R-module, let V ∨ be the dual R-module HomR(V,R).
As usual, the upper half plane is denoted by H. Moreover, we shall use
the standard ongruene subgroups Γ(N), Γ1(N) and Γ0(N) of SL2(Z) for an
integer N ≥ 1, whih are dened to onsist of the matries
(
a b
c d
)
∈ SL2(Z)
reduing modulo N to ( 1 00 1 ), (
1 ∗
0 1 ) resp. (
∗ ∗
0 ∗ ).
2 Paraboli group ohomology
In this setion we reall the denition of paraboli group ohomology and present
some properties to be used in the sequel. We shall use standard fats on group
ohomology without speial referene. The reader an for example onsult [3℄.
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Cohomology of PSL2(Z)
The group PSL2(Z) is freely generated by the matrix lasses of σ :=
(
0 −1
1 0
)
and τ :=
(
1 −1
1 0
)
. A onsequene is the following speial ase of the Mayer-
Vietoris sequene (see e.g. [13℄, p. 221). For any ring R and any left R[PSL2(Z)]-
module M the sequene
(2.2) 0→MPSL2(Z) →M 〈σ〉 ⊕M 〈τ〉 →M
→ H1(PSL2(Z),M)→ H
1(〈σ〉,M)⊕H1(〈τ〉,M)→ 0
is exat and for all i ≥ 2 one has isomorphisms
(2.3) Hi(PSL2(Z),M) ∼= H
i(〈σ〉,M)⊕Hi(〈τ〉,M).
Corollary 2.1 Let R be a ring and Γ ≤ PSL2(Z) be a subgroup of nite index
suh that all the orders of all stabiliser groups Γx for x ∈ H are invertible
in R. Then for all R[Γ]-modules V one has H1(Γ, V ) = M/(M 〈σ〉+M 〈τ〉) with
M = Coind
PSL2(Z)
Γ (V ) and H
i(Γ, V ) = 0 for all i ≥ 2.
Proof. We rst reall that any non-trivially stabilised point x of H is
onjugate by an element of PSL2(Z) to either i or ζ3 = e
2πi/3
, whene all non-
trivial stabiliser groups are of the form g〈σ〉g−1 ∩ Γ or g〈τ〉g−1 ∩ Γ for some
g ∈ PSL2(Z). From Makey's formula (see e.g. [23℄) one obtains
Hi(〈σ〉,Coind
PSL2(Z)
Γ V )
∼=
∏
g∈Γ\PSL2(Z)/〈σ〉
Hi(g〈σ〉g−1 ∩ Γ, V )
for all i and a similar result for τ . Due to the invertibility assumption the result
follows from Shapiro's lemma and Equations (2.2) and (2.3). ✷
The assumptions of the proposition are for instane always satised if R is
a eld of harateristi not 2 or 3. They also hold for Γ1(N) with N ≥ 4 over
any ring.
Denition of paraboli group ohomology
Let R be a ring, Γ ≤ PSL2(Z) a subgroup of nite index and T = τσ = ( 1 10 1 ).
One denes the paraboli group ohomology group for the R[Γ]-module V as the
kernel of the restrition map in
(2.4) 0→ H1par(Γ, V )→ H
1(Γ, V )
res
−−→
∏
g∈Γ\PSL2(Z)/〈T 〉
H1(Γ ∩ 〈gTg−1〉, V ).
The denition of paraboli ohomology is ompatible with Shapiro's lemma, i.e.
Equation (2.4) is isomorphi to
(2.5) 0→ H1par(PSL2(Z),M)→ H
1(PSL2(Z),M)
res
−−→ H1(〈T 〉,M)
with M = Coind
PSL2(Z)
Γ V = HomR[Γ](R[PSL2(Z)], V ), as one sees using e.g.
Makey's formula as in the proof of Corollary 2.1.
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Proposition 2.2 Let R be a ring and Γ ≤ PSL2(Z) be a subgroup of nite
index suh that all the orders of all stabiliser groups Γx for x ∈ H are invertible
in R. Then for all R[Γ]-modules V the sequene
0→ H1par(Γ, V )→ H
1(Γ, V )
res
−−→
∏
g∈Γ\PSL2(Z)/〈T 〉
H1(Γ∩ 〈gTg−1〉, V )→ VΓ → 0
is exat.
Proof. Due to the assumptions we may apply Corollary 2.1. The restrition
map in Equation (2.5) thus beomes
M/(M 〈σ〉 +M 〈τ〉)
m 7→(1−σ)m
−−−−−−−−→M/(1− T )M,
sine H1(〈T 〉,M) ∼= M/(1−T )M . The isomorphismM ∼= (R[PSL2(Z)]⊗R V )Γ
allows one to ompute that the okernel of this map is VΓ, the Γ-oinvariants.
✷
The module Vn(R)
Let R be a ring. Reall from Notation 1.1 that we put Vn(R) = Sym
n(R2) ∼=
R[X,Y ]n.
Proposition 2.3 Suppose that n! is invertible in R. Then there is a perfet
pairing
Vn(R)× Vn(R)→ R
of R-modules, whih indues an isomorphism Vn(R) → Vn(R)
∨
of R-modules
respeting the Mat2(Z)6=0-ation whih is given on Vn(R)
∨
by (M.φ)(w) =
φ(M ιw) for M ∈Mat2(Z)6=0, φ ∈ Vn(R)
∨
and w ∈ Vn(R).
Proof. One denes the perfet pairing on Vn(R) by rst onstruting a
perfet pairing on R2, whih we onsider as olumn vetors. One sets
R2 ×R2 → R, 〈v, w〉 := det(v|w) = v1w2 − v2w1.
If M is a matrix in Mat2(Z)6=0, one heks easily that 〈Mv,w〉 = 〈v,M
ιw〉.
This pairing extends naturally to a pairing on the n-th tensor power of R2.
Due to the assumption on the invertibility of n!, we may view Symn(R2) as a
submodule in the n-th tensor power, and hene obtain the desired pairing and
the isomorphism of the statement. ✷
Lemma 2.4 Let n ≥ 1 be an integer, t = ( 1 N0 1 ) and t
′ = ( 1 0N 1 ). If n!N is
not a zero divisor in R, then for the t-invariants we have Vn(R)
〈t〉 = 〈Xn〉 and
for the t′-invariants Vn(R)
〈t′〉 = 〈Y n〉. If n!N is invertible in R, then the oin-
variants are given by Vn(R)〈t〉 = Vn(R)/〈Y
n, XY n−1, . . . , Xn−1Y 〉 respetively
Vn(R)〈t′〉 = Vn(R)/〈X
n, Xn−1Y, . . . , XY n−1〉.
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Proof. The ation of t is t.(Xn−iY i) = Xn−i(NX + Y )i and onsequently
(t− 1).(Xn−iY i) =
∑i−1
j=0 ri,jX
n−jY j with ri,j = N
i−j
(
i
j
)
, whih is not a zero
divisor, respetively invertible, by assumption. For x =
∑n
i=0 aiX
n−iY i we
have (t− 1).x =
∑n−1
j=0 X
n−jY j(
∑n
i=j+1 airi,j). If (t− 1).x = 0, we onlude for
j = n − 1 that an = 0. Next, for j = n − 2 it follows that an−1 = 0, and so
on, until a1 = 0. This proves the statement on the t-invariants. The one on the
t′-invariants follows from symmetry. The laims on the oinvariants are proved
in a very similar and straightforward way. ✷
Proposition 2.5 Let n ≥ 1 be an integer.
(a) If n!N is not a zero divisor in R, then the R-module of Γ(N)-invariants
Vn(R)
Γ(N)
is zero.
(b) If n!N is invertible in R, then the R-module of Γ(N)-oinvariants Vn(R)Γ(N)
is zero.
() Suppose that Γ is a subgroup of SL2(Z) suh that redution modulo p denes
a surjetion Γ ։ SL2(Fp) (e.g. Γ(N), Γ1(N), Γ0(N) for p ∤ N). Suppose
moreover that 1 ≤ n ≤ p if p > 2, and n = 1 if p = 2. Then one has
Vn(Fp)
Γ = 0 = Vn(Fp)Γ.
Proof. As Γ(N) ontains the matries t and t′, Lemma 2.4 already nishes
Parts (a) and (b). The only part of () that is not yet overed is when the degree
is n = p > 2. Sine Vp(Fp) is naturally isomorphi to U1, Proposition 4.1 gives
the exat sequene of Γ-modules 0 → V1(Fp) → Vp(Fp) → Vp−2(Fp) → 0. It
sues to take invariants respetively oinvariants to obtain the result. ✷
Torsion-freeness and base hange properties
Herremans has omputed a torsion-freeness result like the following proposition
in [12℄, Proposition 9. Here we give a short and oneptual proof of a slightly
more general statement. The way of approah was suggested by Bas Edixhoven.
Proposition 2.6 Assume that R is an integral domain of harateristi 0 suh
that R/pR ∼= Fp for a prime p. Let N ≥ 1 and k ≥ 2 be integers and let
Γ ≤ SL2(Z) be a subgroup ontaining Γ(N) but not −1 suh that the orders
of the stabiliser subgroups Γx for x ∈ H have order oprime to p. Then the
following statements hold:
(a) H1(Γ, Vk−2(R))⊗R Fp ∼= H
1(Γ, Vk−2(Fp)).
(b) If k = 2, then H1(Γ, Vk−2(R))[p] = 0. If k ≥ 3, then H
1(Γ, Vk−2(R))[p] =
Vk−2(Fp)
Γ
. In partiular, if p ∤ N , then H1(Γ, Vk−2(R))[p] = 0 for all
k ∈ {2, . . . , p+ 2}.
() If k = 2, or if k ∈ {3, . . . , p+2} and p ∤ N , then H1par(Γ, Vk−2(R))⊗R Fp
∼=
H1par(Γ, Vk−2(Fp)).
6
Proof. Let us rst notie that the sequene
0→ Vk−2(R)
·p
−→ Vk−2(R)→ Vk−2(Fp)→ 0
of R[Γ]-modules is exat. The assoiated long exat sequene gives rise to the
short exat sequene
0→ Hi(Γ, Vk−2(R))⊗ Fp → H
i(Γ, Vk−2(Fp))→ H
i+1(Γ, Vk−2(R))[p]→ 0
for every i ≥ 0. Exploiting this sequene for i = 1 immediately yields Part (a),
sine any H2 of Γ is zero by Corollary 2.1. Part (b) is a diret onsequene of
the ase i = 0 and Proposition 2.5.
We have the exat ommutative diagram
0 // H1(Γ, Vk−2(R))

·p // H1(Γ, Vk−2(R))

// H1(Γ, Vk−2(Fp))

// 0
0 //
∏
gH
1(Dg, Vk−2(R))

·p //
∏
gH
1(Dg, Vk−2(R))

//
∏
gH
1(Dg, Vk−2(Fp)) // 0
(Vk−2(R))Γ
·p //

(Vk−2(R))Γ

0 0
where the produts are taken over g ∈ Γ\PSL2(Z)/〈T 〉, and Dg = Γ∩ 〈gTg
−1〉.
The exatness of the rst row is the ontents of Parts (a) and (b). That the
olumns are exat follows from Proposition 2.2. The zero on the right of the
seond row is due to the fat that Dg is free on one generator. That generator is
of the form g ( 1 r0 1 ) g
−1
with r | N , so that r is invertible in Fp. The zero on the
left is trivial for k = 2 and for 3 ≤ k ≤ p+ 2 it is a onsequene of Lemma 2.4.
Part () now follows from the snake lemma and Proposition 2.5, whih implies
that the bottom map is an injetion. ✷
3 Heke ation
Heke operators oneptually ome from Heke orrespondenes on modular
urves respetively modular staks. They are best desribed on the moduli
interpretations (see e.g. [5℄, 3.2 and 7.3). All Heke operators that we will en-
ounter in this artile arise like this. This setion presents Heke operators on
group ohomology and the prinipal result is the behaviour of the Heke oper-
ators with respet to Shapiro's lemma. That result was obtained by Ash and
Stevens ([1℄, Lemma 2.2). Here, however, we avoid their rather heavy language
of weakly ompatible Heke pairs. Instead, the desription of Heke operators
on group ohomology is used whih omes diretly from the Heke orrespon-
denes (formally one has to work on the modular staks with loally onstant
oeients, in ase of non-trivially stabilised points). For the desription we
follow [5℄, 12.4.
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Heke operators on group ohomology
Let R be a ring, α ∈ Mat2(Z)6=0 and Γ ≤ PSL2(Z) be a subgroup ontaining
some Γ(N). We use the notations Γα := Γ∩α
−1Γα and Γα := Γ∩αΓα−1, where
we onsider α−1 as an element of GL2(Q). Both groups are ommensurable
with Γ.
Suppose that V is an R-module with a Mat2(Z)6=0-semi-group ation whih
restrits to an ation by Γ. The Heke operator Tα ating on group ohomology
is the omposite
H1(Γ, V )
res
−−→ H1(Γα, V )
conjα−−−→ H1(Γα, V )
cores
−−−→ H1(Γ, V ).
The rst map is the usual restrition, and the third one is the so-alled ore-
strition, whih one also nds in the literature under the name transfer. We
expliitly desribe the seond map on non-homogeneous oyles (f. [5℄, p. 116):
conjα : H
1(Γα, V )→ H1(Γα, V ), c 7→
(
gα 7→ α
ι.c(αgαα
−1)
)
.
There is a similar desription on the paraboli subspae and the two are ompat-
ible. The following formula an also be found in [5℄, p. 116, and [20℄, Setion 8.3.
Proposition 3.1 Suppose that ΓαΓ =
⋃n
i=1 Γδi is a disjoint union. Then
the Heke operator Tα ats on H
1(Γ, V ) and H1par(Γ, V ) by sending the non-
homogeneous oyle c to Tαc dened by
(Tαc)(g) =
n∑
i=1
διic(δigδ
−1
j(i))
for g ∈ Γ. Here j(i) is the index suh that δigδ
−1
j(i) ∈ Γ.
Proof. We only have to desribe the orestrition expliitly. For that we
notie that one has Γ =
⋃n
i=1 Γαgi with αgi = δi. Furthermore the orestrition
of a non-homogeneous oyle u ∈ H1(Γα, V ) is the oyle cores(u) uniquely
given by
cores(u)(g) =
n∑
i=1
g−1i u(gigg
−1
j(i))
for g ∈ Γ. Combining with the expliit desription of the map conjα yields the
result. ✷
Suppose now that Γ = Γ1(N) (resp. Γ = Γ0(N)). For a positive integer n, the
Heke operator Tn is
∑
α Tα, where the sum runs through a system of representa-
tives of the double osets Γ\∆n/Γ for the set ∆n of matries
(
a b
c d
)
∈Mat2(Z)6=0
of determinant n suh that
(
a b
c d
)
≡ ( 1 ∗0 ∗ ) modN (resp.
(
a b
c d
)
≡ ( ∗ ∗0 ∗ ) modN).
For a prime p one has Tp = Tα with α =
(
1 0
0 p
)
. If Γ = Γ1(N) and the integer d is
oprime to N , the diamond operator 〈d〉 is Tα for any matrix α ∈ SL2(Z) whose
redution modulo N is
(
d−1 0
0 d
)
. The diamond operator gives a group ation
by (Z/NZ)∗ (with −1 ating trivially). If the level is NM with (N,M) = 1,
then we an separate the diamond operator into two parts 〈d〉 = 〈d〉M × 〈d〉N ,
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orresponding to Z/NMZ ∼= Z/MZ×Z/NZ. The Heke and diamond operators
satisfy the usual Euler produt and one has the formulae TnTm = Tnm for any
pair of oprime integers n,m and Tpr+1 = TprTp − p
k−1〈p〉Tpr−1 if p ∤ N , and
Tpr+1 = TprTp if p | N for the ation on H
1(Γ1(N), Vk−2).
Heke operators and Shapiro's lemma
Let N,M be oprime positive integers. In order to test ompatibility of the
Heke operators with Shapiro's lemma we need to extend the Γ1(N)-ation on
Coind
Γ1(N)
Γ1(NM)
(V ) to a Mat2(Z)6=0-semi-group ation in the right way. For that
we dene the R-module W(M,V ) as
{f ∈ HomR(R[(Z/MZ)
2], V ) | f((u, v)) = 0 ∀(u, v) s.t. 〈u, v〉 6= Z/MZ}.
It arries the left Mat2(Z)6=0-semi-group ation (g.f)((u, v)) = gf((u, v)g) for
f ∈ W(M,V ), g ∈Mat2(Z)6=0 and (u, v) ∈ (Z/MZ)
2
.
Lemma 3.2 The homomorphism
W(M,V )→ HomR[Γ1(NM)](R[Γ1(N)], V ), f 7→
(
g 7→ (g.f)((0, 1))
)
is an isomorphism of left Γ1(N)-modules (for the restrited ation onW(M,V )).
In partiular, W(M,V ) is isomorphi to Coind
Γ1(N)
Γ1(NM)
(V ) as a left Γ1(N)-
module.
Proof. As N and M are oprime, redution modulo M denes a surjetion
from Γ1(N) onto SL2(Z/MZ). This implies that the map
Γ1(NM)\Γ1(N)
A 7→(0,1)A mod M
−−−−−−−−−−−−→ (Z/MZ)2
is injetive, and its image is the set of the (u, v) with Z/MZ = 〈u, v〉. As
the Γ1(NM)-ation on V is the restrition of a Γ1(N)-ation, the oindued
module an be identied with HomR(R[Γ1(NM)\Γ1(N)], V ). From this the
laimed isomorphism follows diretly. ✷
Lemma 3.3 Let N,n be positive integers. We set
∆1(N)
n = {
(
a b
c d
)
∈Mat2(Z)6=0| det
(
a b
c d
)
= n,
(
a b
c d
)
≡ ( 1 ∗0 ∗ ) modN}.
There is the deomposition
∆1(N)
n =
⋃
a
⋃
b
Γ1(N)σa
(
a b
0 d
)
where a runs through the integers suh that a > 0, (a,N) = 1, ad = n and
b through a system of representatives of Z/dZ. Here σa ∈ SL2(Z) is a matrix
reduing to
(
a−1 0
0 a
)
modulo N .
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Proof. This is [20℄, Proposition 3.36. ✷
The Shapiro map is the isomorphism on ohomology groups
Sh : H1(Γ1(N),W(M,V ))→ H
1(Γ1(NM), V )
whih is indued by the homomorphism W(M,V )→ V , sending f to f((0, 1)).
Proposition 3.4 For all integers n, d ≥ 1 with (d,N) = 1 we have
Tn ◦ Sh = Sh ◦ Tn and 〈d〉N ◦ Sh = Sh ◦ 〈d〉N .
Proof. We rst prove the statement for Tn. For every integer a > 0
dividing n suh that (a,N) = 1 we hoose a matrix σa suh that it redues
to
(
a−1 0
0 a
)
modulo N . If (a,M) = 1, then we also impose that σa redues to(
a−1 0
0 a
)
modulo M . If (a,M) 6= 1, then we want σa ≡ ( 1 00 1 ) modulo M . A
simple alulation shows that (0, 1)
(
σa
(
a b
0 d
) )ι
is ongruent to (0, 1) modulo M
if (a,M) = 1 respetively to (0, a) if (a,M) 6= 1.
A set of expliit oset representatives of Γ1(NM)\∆1(NM)
n
is given by
Lemma 3.3 as a subset of oset representatives of Γ1(N)\∆1(N)
n
, namely of
those with (a,M) = 1.
Let now c ∈ H1(Γ1(N),W(M,V )) be a oyle. Then by Proposition 3.1 and
the denition of the Mat2(Z)6=0-ation on W(M,V ) we have for g ∈ Γ1(NM)
(Sh(Tnc))(g) =
∑
δ
δι
(
c(δgδ˜−1)((0, 1)δι)
)
,
where the sum runs over the above oset representatives for Γ1(N)\∆1(N)
n
and
δ˜ is hosen among these representatives suh that δgδ˜−1 ∈ Γ1(NM). Moreover,
we have
(Tn(Sh(c)))(g) =
∑
δ
δι(c(δgδ˜−1)((0, 1))),
where now the sum only runs through the subset desribed above. By what
we have remarked right above (0, 1)δι is ongruent to (0, 1) modulo M if and
only if (a,M) = 1. If (a,M) 6= 1, then 〈a〉 6= Z/MZ, but we have (0, 1)δι ≡
(0, a)modN . This proves the ompatibility for Tn.
Sine 〈d〉N only depends on d moduloN , we may suppose that d is ongruent
to 1 modulo M . We hoose α = σd suh that it redues to
(
d−1 0
0 d
)
modulo N
and to ( 1 00 1 ) modulo M . For c ∈ H
1(Γ1(N),W(M,V )) and g ∈ Γ1(NM) the
formula
(Sh(〈d〉N c))(g) = α
ι
(
c(αgα−1)((0, 1)αι)
)
= (〈d〉N (Sh(c)))(g)
follows. ✷
Proposition 3.5 For (n,M) = 1 we dene the R[Mat2(Z)6=0]-isomorphism
multn :W(M,V )→W(M,V ), f 7→ ((u, v) 7→ f
(
(nu, nv)
)
).
Then we have
〈n〉M ◦ Sh = Sh ◦multn.
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Proof. Let σ ∈ SL2(Z) be a matrix reduing to
(
n−1 0
0 n
)
modulo M and to
( 1 00 1 ) modulo N . This means in partiular that σ ∈ Γ1(N). Hene, for a oyle
c ∈ H1(Γ1(N),W(M,V )) we have
σ−1c(σgσ−1) = c(g) + (g − 1)c(σ−1),
so that the equality c(σgσ−1) = σc(g) holds in H1(Γ1(N),W(M,V )).
We an now hek the laim. First we have
(〈n〉M ◦ Sh)(c)(g) = σ
ι
(
(σ.c(g))((0, 1))
)
= c(g)((0, 1)σ).
This agrees with (Sh ◦multn)(c)(g) = c(g)((0, n)). ✷
4 Redution to weight 2 for paraboli group o-
homology
This setion deals with the redution to weight 2 for paraboli group ohomol-
ogy, by whih we mean that the paraboli group ohomology over Fp for Γ1(N)
with p ∤ N and weight 3 ≤ k ≤ p + 1 is related to the weight two paraboli
group ohomology of Γ1(Np). Hene, the paraboli group ohomology shows
a behaviour similar to that of modular forms (f. Proposition 5.1). Roughly
speaking, the redution to weight 2 on group ohomology omes from the de-
omposition of Coind
Γ1(N)
Γ1(Np)
(Fp) into simple Fp[SL2(Fp)]-modules. Those are
preisely the Vd(Fp) for 0 ≤ d ≤ p− 1.
The ontents of this setion is already partly present in [1℄. However, in that
paper the paraboli subspae is not treated.
Deomposition of W(p,Fp) as Fp[Mat2(Z) 6=0]-module
We now relate the Fp[Mat2(Z)6=0]-modules W(p,Fp) and Vd(Fp) for 0 ≤ d ≤
p − 1. It is easy to hek that evaluation of polynomials on F2p indues an
isomorphism of Fp[Mat2(Z)6=0]-modules
(4.6) Fp[X,Y ]/(X
p −X,Y p − Y ) ∼= F
F2p
p .
We an thus identifyW(p,Fp) with {f ∈ Fp[X,Y ]/(X
p−X,Y p−Y ) | f((0, 0)) =
0}. Let Ud(Fp) be the subspae onsisting of polynomial lasses of degree d, i.e.
those that satisfy f(lx, ly) = ldf(x, y) for all l ∈ F∗p. Note that the degree is
naturally dened modulo p − 1. It is lear that the natural Mat2(Z)6=0-ation
respets the degree. We remark that the dimension of any Ud is p + 1. By
olleting monomials we obtain
(4.7) W(p,Fp) =
p−2⊕
d=0
Ud(Fp).
Furthermore, we dispose of the perfet bilinear pairing
W(p,Fp)×W(p,Fp)→ Fp, 〈f, g〉 =
∑
(a,b)∈F2p
f(a, b)g(a, b).
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It is elementary to hek that Ud(Fp) pairs to zero with Ue(Fp) if (p−1) ∤ (d+e).
Hene, the restrited pairing Ud(Fp)× Up−1−d(Fp)→ Fp is perfet for 0 ≤ d ≤
p − 1, as the dimensions of Up−1−d(Fp) and Ud(Fp) are equal. Furthermore,
Fp[X,Y ]d pairs to zero with Fp[X,Y ]p−1−d. Consequently the indued pairing
Ud(Fp)/Vd(Fp) × Vp−1−d(Fp) → Fp is perfet. Composing with the map from
Proposition 2.3, we obtain an isomorphism Ud(Fp)/Vd(Fp)→ Vp−1−d(Fp).
Proposition 4.1 Let p be a prime and d and integer with 0 ≤ d ≤ p− 1. The
preeding onstrution gives the exat sequene
0→ Vd(Fp)→ Ud(Fp)→ Vp−1−d(Fp)→ 0.
Moreover, the diagram
0 // Vd(Fp)
M. 
// Ud(Fp)
M.
// Vp−1−d(Fp)
det(M)dM.
// 0
0 // Vd(Fp) // Ud(Fp) // Vp−1−d(Fp) // 0
ommutes for all M ∈ Mat2(Z)6=0 whose redution modulo p is invertible. If
d > 0, then the diagram is also ommutative for M =
(
1 0
0 p
)ι
=
(
p 0
0 1
)
, whih
means in partiular that the right hand side vertial arrow is zero.
Proof. Only the ommutativity need be heked. If M is invertible mod-
ulo p, one immediately sees that the pairing on W(p,Fp) is invariant under M ,
i.e. 〈Mf,Mg〉 = 〈f, g〉 for all f, g ∈ W(p,Fp). The ommutativity is then lear
from Proposition 2.3. In order to treat M =
(
p 0
0 1
)
one onsiders the basis of
Ud(Fp) given by the monomials of degree d, whih orrespond to the embedding
of Vd(Fp), together with the monomials X
iY p−1+d−i for d ≤ i ≤ p− 1. As the
latter monomials all ontain at least one fator of X by assumption, they are
killed by applying the matrix. ✷
Redution to weight 2
We introdue the following notation. LetM be any Fp-vetor spae on whih the
Heke operators Tl and the p-part of the diamond operators 〈·〉p at. Suppose
d > 0. By M [d] we mean M with the ation of the Heke operator Tl twisted
to be ldTl (in partiular Tp ats as zero). Furthermore, by M(d) we denote the
subspae on whih 〈l〉p ats as l
d
.
The non-paraboli part of the following proposition is also [1℄, Theorem 3.4.
Proposition 4.2 Let p be a prime, N ≥ 4 and 0 < d ≤ p− 1 integers suh that
p ∤ N . We have isomorphisms respeting the Heke operators
H1(Γ1(Np),Fp)(d) ∼= H
1(Γ1(N), Ud(Fp)) and
H1par(Γ1(Np),Fp)(d)
∼= H1par(Γ1(N), Ud(Fp)).
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Moreover, the sequenes
0→ H1(Γ1(N), Vd(Fp))→ H
1(Γ1(N), Ud(Fp))
→ H1(Γ1(N), Vp−1−d(Fp))[d]→ 0
and
0→ H1par(Γ1(N), Vd(Fp))→ H
1
par(Γ1(N), Ud(Fp))
→ H1par(Γ1(N), Vp−1−d(Fp))[d]→ 0
are exat and respet the Heke operators.
Proof. The rst statement follows from Propositions 3.4 and 3.5 together
with the denition of Ud(Fp). The rst exat sequene is part of the long
exat sequene assoiated to the short exat sequene of Proposition 4.1. The
ommutative diagram in that proposition gives the twisting of the Heke ation
in the exat sequenes. This follows diretly from the desription of the Heke
operator on group ohomology.
For d = p − 1 we have Up−1(Fp) = V0(Fp) ⊕ Vp−1(Fp), from whih the
statements follow. So we now assume d < p−1, in partiular p 6= 2. For the top
sequene we only need to hek that it is exat on the left and on the right. By
Proposition 2.5 we have H0(Γ1(N), Vp−1−d(Fp)) = 0. The H
2
-terms are trivial
by Corollary 2.1.
The exatness of the seond sequene follows from the snake lemma, one
we have established the exatness of
0→
∏
c usps
H1(Dc, Vd(Fp))→
∏
c usps
H1(Dc, Ud(Fp))
→
∏
c usps
H1(Dc, Vp−1−d(Fp))→ 0,
where Dc is the stabiliser group of the usp c = g∞ with g ∈ PSL2(Z). Hene,
Dc = g〈T 〉g
−1 ∩ Γ1(N). This group is innite yli generated by g ( 1 r0 1 ) g
−1
for some r ∈ Z dividing N (see also the proof of Proposition 2.6). Hene, we
have H2(Dc, Vd(Fp)) = 0. We laim that the sequene
0→
∏
c usps
H0(Dc, Vd(Fp))→
∏
c usps
H0(Dc, Ud(Fp))
→
∏
c usps
H0(Dc, Vp−1−d(Fp))→ 0
is exat. Lemma 2.4 implies that H0(Dc, Vd(Fp)) and H
0(Dc, Vp−1−d(Fp)) are
one-dimensional. In order to nish the proof, it thus sues to prove that
H0(Dc, Ud(Fp)) is (at least) of dimension 2. The elements X
d ∈ Ud(Fp) and
Y d(1 −Xp−1) ∈ Ud(Fp) are invariant under T . Indeed,
T.Y d(1−Xp−1) = (X + Y )d(1 −Xp−1)
= Y d(1−Xp−1) +
d∑
i=1
( di )Y
d−iX i(1−Xp−1) = Y d(1−Xp−1),
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as in Ud(Fp) we have X
i(1−Xp−1) = X i−1(X −Xp) = 0 for i > 0. ✷
5 Modular forms of weight 2 and level Np
This setion realls the redution to weight 2 for modular forms and establishes
a link between paraboli group ohomology and modular forms via Jaobians
of modular urves.
Redution to weight 2 for modular forms
We reall some work of Serre as explained in [11℄, Setions 7 and 8, f. also [7℄,
Setion 6.
Let us now introdue notation that is used throughout the sequel of this
artile. We onsider the modular urve X1(Np) over Qp(ζp) for a prime p > 2
not dividing N ≥ 5. It has a regular stable model X over the ring Zp[ζp], see
e.g. [16℄. Let J denote the Néron model over Zp[ζp] of J1(Np), the Jaobian of
X1(Np) over Qp(ζp). We let, following [11℄, Setion 8,
L = H0(X,ΩX/Zp[ζp]),
where ΩX/Zp[ζp] is the dualising sheaf of X of [4℄, Setion I.2. By [11℄, Equa-
tion 8.2, we have for the speial bre XFp that
L := H0(XFp ,ΩXFp/Fp) = L⊗Zp[ζp] Fp.
On L and L the p-part 〈·〉p of the diamond operator ats. The prinipal
result on L that we will need is the following (see Propositions 8.13 and 8.18 of
[11℄). The notation is as in Proposition 4.2.
Proposition 5.1 (Serre) Assume 3 ≤ k ≤ p, N ≥ 5 and p ∤ N . Then there is
an isomorphism of Fp-vetor spaes
L(k − 2) ∼= Sk(Γ1(N),Fp)⊕ Sp+3−k(Γ1(N),Fp)[k − 2]
respeting the Heke operators. Moreover, the sequene of Heke modules
0→ S2(Γ1(N),Fp)[p− 1]→ L(p− 1)→ Sp+1(Γ1(N),Fp)→ 0
is exat.
Paraboli ohomology and the p-torsion of the Jaobian
In order to ompare Heke algebras of usp forms with those of paraboli group
ohomology in harateristi p, we generalise the strategy of the seond part
of the proof of [8℄, Theorem 5.2. Hene, we wish to bring the Jaobian into
the play, sine it will enable us to pass from harateristi zero geometry to
harateristi p.
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Lemma 5.2 There are isomorphisms
L ∼= Cot0(J
0
Fp
) ∼= Cot0(J
0
Fp
[p])
respeting the Heke operators.
Proof. The rst isomorphism is e.g. [7℄, Equation 6.7.2. The seond one
follows from the fat that multipliation by p on J0Fp indues multipliation by p
on the tangent spae at 0, whih is the zero map. Hene, the tangent spae at 0
of J0Fp [p] is equal to the one of J
0
Fp
. ✷
To establish an expliit link between paraboli ohomology and modular
forms, we identify the paraboli ohomology group for Γ1(N) with Fp-oeients
as the p-torsion of the Jaobian of the orresponding modular urve. Here we
may view the Jaobian as a omplex abelian variety. As in the other ases, the
Heke orrespondenes on the modular urves give rise to Heke operators on
the Jaobian.
Proposition 5.3 Let N ≥ 3 be an integer, and p a prime. Then there are
isomorphisms of Fp-vetor spaes
H1par(Γ1(Np),Fp)
∼= J(C)[p] = J(Qp)[p]
respeting the Heke operators.
Proof. The seond equality follows from the fat that torsion points are
algebrai. We start with the exat Kummer sequene of analyti sheaves on
X1(Np)
0→ µp → Gm
p
−→ Gm → 0.
Its long exat sequene in analyti ohomology yields
0→ H1(X1(Np), µp)→ H
1(X1(Np),Gm)
p
−→ H1(X1(Np),Gm).
Using H1(X1(Np),Gm) ∼= PicX1(Np)(C) one obtains that H
1(X1(Np), µp) is
isomorphi to J(C)[p]. As C ontains the p-th roots of unity, we may replae
the sheaf µp by the onstant sheaf Fp. Moreover, the group H
1(X1(Np),Fp)
oinides with H1par(Γ1(Np),Fp). This follows for example from the Leray spe-
tral sequene for the open immersion Y1(Np) →֒ X1(Np) (see e.g. [23℄). Sine
the Heke operators ome from orrespondenes on modular urves, the isomor-
phisms are ompatible for the Heke ation. ✷
6 Heke algebras
In this setion we ompare the Heke algebra of uspidal modular forms to that
of paraboli group ohomology and establish isomorphisms in ertain ases.
The prinipal result is Theorem 6.7, from whih the appliation to ordinary
usp forms (Corollary 6.9) mentioned in the introdution follows.
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Whenever for a ring R we have an R-moduleM , on whih Heke operators Tn
at for all n, we let
TR(M) := R[Tn | n ∈ N] ⊆ EndR(M),
i.e. the R-subalgebra of the endomorphism algebra generated by the Heke op-
erators.
We laim that in the situation of Heke operators on modular forms or group
ohomology for Γ1(N) of weight k the diamond operators are in TR(M). For a
oprime to N , let l1, l2 be distint primes whih are ongruent to a modulo N .
Then lk−1i 〈a〉 = T
2
li
− Tl2
i
, so that with 1 = rlk−11 + sl
k−1
2 the laim follows.
The Heke algebra of modular forms and Eihler-Shimura
We start by stating the Eihler-Shimura theorem (see [5℄, Theorem 12.2.2 and
Proposition 12.4.10).
Theorem 6.1 (Eihler-Shimura) For k ≥ 2 and Γ ≤ SL2(Z) a ongruene
subgroup there is an isomorphism of TZ(Sk(Γ,C))-modules, the Eihler-Shimura
isomorphism,
H1par(Γ, Vk−2(C))
∼= Sk(Γ,C)⊕ Sk(Γ,C).
Corollary 6.2 For k ≥ 2 and N ≥ 3 we have natural ring isomorphisms
TZ
(
Sk(Γ1(N),C)
)
∼= TZ
(
H1par(Γ1(N), Vk−2(Z))/torsion
)
.
Proof. The free Z-module H1par(Γ1(N), Vk−2(Z))/torsion is a Z-struture
in the C-vetor spae H1par(Γ1(N), Vk−2(C)). Any Z-struture gives an iso-
morphi Heke algebra. Finally, Theorem 6.1 implies that the Heke algebra
of H1par(Γ1(N), Vk−2(C)) is isomorphi to the Heke algebra of Sk(Γ1(N),C).
✷
The formula in this orollary is the reason why many people prefer to fator
out the torsion of modular symbols.
Proposition 6.3 Let N ≥ 5, k ≥ 2 integers and p ∤ N a prime. Then we have
TZ
(
Sk(Γ1(N),C)
)
⊗Z Fp ∼= TFp
(
Sk(Γ1(N),Fp)
)
.
Proof. By [5℄, Theorem 12.3.2, there is no dierene between Katz usp
forms over Fp and those that are redutions of lassial usp forms whose q-
expansion is in Z[1/N ], i.e.
Sk(Γ1(N),Z[1/N ])⊗Z[1/N ] Fp ∼= Sk(Γ1(N),Fp).
Hene, the q-expansion priniple gives the two perfet pairings
TZ
(
Sk(Γ1(N),C)
)
⊗ZZ[1/N ]×Sk(Γ1(N),Z[1/N ])→ Z[1/N ], (T, f) 7→ a1(Tf)
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and
TFp
(
Sk(Γ1(N),Fp)
)
× Sk(Γ1(N),Fp)→ Fp, (T, f) 7→ a1(Tf).
Tensoring the rst one with Fp allows us to ompare it to the seond one, from
whih the proposition follows. ✷
Corollary 6.4 Let p be a prime and N ≥ 5, 2 ≤ k ≤ p+ 2 integers s.t. p ∤ N .
Then sending the operator Tl to Tl for all primes l denes a surjetive Fp-algebra
homomorphism
TFp
(
Sk(Γ1(N),Fp)
)
։ TFp
(
H1par(Γ1(N), Vk−2(Fp))
)
.
Proof. From Corollary 6.2 we obtain beause of p-torsion-freeness (Propo-
sition 2.6) an isomorphism of Fp-algebras
TZ
(
Sk(Γ1(N),C)
)
⊗ Fp ∼= TZ
(
H1par(Γ1(N), Vk−2(Z))
)
⊗Z Fp.
By Proposition 6.3 the term on the left hand side is equal to TFp
(
Sk(Γ1(N),Fp)
)
so that it sues to have a surjetion
TZ
(
H1par(Γ1(N), Vk−2(Z))
)
⊗ Fp ։ TFp
(
H1par(Γ1(N), Vk−2(Fp))
)
,
whih follows from Proposition 2.6. Indeed, the isomorphism
H1par(Γ1(N), Vk−2(Z)) ⊗ Fp
∼= H1par(Γ1(N), Vk−2(Fp))
is ompatible with Heke operators, and allows one to dene a homomorphism
from the Heke algebra on the left hand term to the one on the right hand term,
whih is automatially surjetive by the denition of the Heke algebra. ✷
Proposition 6.5 Let N ≥ 1, k ≥ 2 be integers and K a eld. If the harater-
isti of K is p > 0, then we assume p ∤ N . Furthermore, let ǫ : Γ0(N)
proj
։
Γ0(N)/Γ1(N) → K
∗
be a harater suh that ǫ(−1) = (−1)k. Denote by
T the K-Heke algebra of Sk(Γ1(N),K) and by Tǫ the K-Heke algebra of
Sk(Γ1(N), ǫ,K). Furthermore, let
I = (〈δ〉 − ǫ(δ) | δ ∈ Γ0(N)/Γ1(N)) ✁ T.
Then T/I and Tǫ are isomorphi K-algebras.
Proof. As we work with Katz modular usp forms (for that we need the
ondition p ∤ N), we dispose of the q-expansion priniple. Hene we have isomor-
phisms respeting the Heke ation (Tǫ)
∨ ∼= Sk(Γ1(N), ǫ,K) ∼= T
∨[I] ∼= (T/I)∨,
whene the proposition follows. ✷
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Comparing Heke algebras over Fp
Proposition 6.6 Let N ≥ 5 be an integer, p ∤ N a prime and 0 ≤ d ≤ p− 1 an
integer. There exists a surjetion TFp
(
H1par(Γ1(Np),Fp)(d)
)
։ TFp(L(d)) suh
that the diagram of Fp-algebras
TFp(L(d))
TZ
(
S2(Γ1(Np),C)(d)
)
⊗ Fp
22 22fffffffffffff
,, ,,YYYYY
YY
YY
TFp
(
H1par(Γ1(Np),Fp)(d)
)
OOOO
ommutes. All maps are uniquely determined by sending the Heke operator Tl
to Tl for all primes l.
Proof. Let us rst remark how the diagonal arrows are made. The lower
one omes from the isomorphism (see Proposition 2.6)
H1par(Γ1(Np),Z) ⊗ Fp
∼= H1par(Γ1(Np),Fp).
The upper one is due to the fat that L is a lattie in S2(Γ1(Np),Qp(ζp)) (see
[11℄, p. 472) and using arguments as in Corollary 6.2. As the order of F∗p is
invertible in Fp, we an everywhere pass to the eigenomponents of the ation
of the p-part of the diamond operator 〈·〉p.
We obtain the vertial arrow by showing that the kernel of the lower diagonal
map is ontained in the kernel of the upper diagonal map. In other words, we
will show that if a Heke operator T in TZ
(
S2(Γ1(Np),C)(d)
)
⊗ Fp ats as zero
on H1par(Γ1(Np),Fp)(d), then it ats as zero on L(d).
So assume that T ats as zero on H1par(Γ1(Np),Fp)(d). By Proposition 5.3,
it ats as zero on JQp(Qp)[p](d), hene on JQp [p](d), as JQp [p] is redued. But
then it also ats as zero on JZp[ζp][p](d), as it ats as zero on the generi bre
using that J [p] is at over Zp[ζp] ([2℄, Lemma 7.3.2, as J is semi-abelian). But
onsequently, it also ats as zero on the speial bre JFp [p](d), whene also on
the otangent spae Cot0(J
0
Fp
[p])(d). Now Lemma 5.2 nishes the proof. ✷
Theorem 6.7 Let p be a prime and 2 < k ≤ p + 1, N ≥ 5 integers suh that
p ∤ N . We write for short Tpar,N,k := TFp
(
H1par(Γ1(N), Vk−2(Fp))
)
, Tmod,N,k :=
TFp
(
Sk(Γ1(N),Fp)
)
and similarly for the twisted ones. Then there is the om-
mutative diagram of Fp-algebras
TFp
(
L(k − 2)
)
//
OO T
mod,N,k

× Tmod,N,p+3−k,[k−2]

Tpar,Np,2 // Tpar,N,k × Tpar,N,p+3−k,[k−2].
The vertial arrows are obtained from Proposition 6.6 resp. Corollary 6.4, and
the horizontal ones from Proposition 5.1 and Proposition 4.2. The vertial ar-
rows are surjetive. If 2 < k ≤ p, then the upper horizontal arrow is injetive.
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Proof. The ommutativity is lear, as Tl is sent to Tl × Tl along the hor-
izontal arrows, and Tl is sent to Tl along the vertial arrows for all primes l.
The surjetivity of the vertial arrows has been proved at the plaes ited above.
The injetivity of the upper homomorphism is the fat that L(k−2) is the diret
sum of Sk(Γ1(N),Fp) and Sp+3−k(Γ1(N),Fp)[k − 2], if 2 < k ≤ p. ✷
Corollary 6.8 Let 2 < k ≤ p+ 1, N ≥ 5 suh that p ∤ N . Let P be a maximal
ideal of the Heke algebra TZ
(
S2(Γ1(Np),C)(d)
)
⊗Fp whih is not in the support
of Sp+3−k(Γ1(N),Fp). Then we have an isomorphism
TFp
(
Sk(Γ1(N),Fp)P
)
∼= TFp
(
H1par(Γ1(N), Vk−2(Fp))P
)
.
Proof. The assumption means that (Sp+3−k(Γ1(N),Fp)[k − 2])P = 0. By
Corollary 6.4 the ideal P is not in the support of H1par(Γ1(N), Vp+1−k(Fp))[k−2]
either, whene (H1par(Γ1(N), Vp+1−k(Fp))[k − 2])P = 0. Hene, the sequenes
of Propositions 4.2 and 5.1 loalised at P give isomorphisms TFp
(
L(k− 2)
)
P
∼=
Tmod,N,kP and T
par,Np,2
P
∼= T
par,N,k
P . Hene, also the vertial maps in the loali-
sation at P of the diagram of Theorem 6.7 are isomorphisms. ✷
Corollary 6.9 Let 2 < k ≤ p + 1, N ≥ 5 suh that p ∤ N . Let P be a
maximal ideal of TFp
(
Sk(Γ1(N),Fp)
)
orresponding to a normalised eigenform
f ∈ Sk(Γ1(N),Fp) whih is ordinary, i.e. ap(f) 6= 0. Then we have an isomor-
phism
TFp
(
Sk(Γ1(N),Fp)P
)
∼= TFp
(
H1par(Γ1(N), Vk−2(Fp))P
)
.
Proof. As the operator Tp always ats as zero on Sp+3−k(Γ1(N),Fp)[k− 2]
the maximal ideal P annot be in the support of Sp+3−k(Γ1(N),Fp)[k − 2],
whene we are in the situation of Corollary 6.8. ✷
7 Appliation to Γ0(N) and haraters
The tehniques from the preeding setions do not apply to the group Γ0(N).
In this setion we show that one an, nevertheless, derive similar results for that
group together with a harater of the quotient group Γ0(N)/Γ1(N) ∼= (Z/NZ)
∗
.
Let us for the sequel of this setion make the following assumption.
Assumption 7.1 Let p ≥ 5 be a prime and K a nite eld of harateristi p
or K = Fp. Suppose, moreover, that we are given integers N ≥ 5 and k with
3 ≤ k ≤ p + 1 and p ∤ N . Let ∆ = Γ0(N)/Γ1(N). It ats on H
1(Γ1(N), ·),
the paraboli subspae and on Sk(Γ1(N),K) through the diamond operators.
Furthermore, let ǫ be a harater of the form ǫ : Γ0(N)
proj
։ Γ0(N)/Γ1(N)→ K
∗
.
Denote by Kǫ the K[Γ0(N)]-module whih is a opy of K with ation through
ǫ−1. We write V ǫk−2 for the K[Γ0(N)]-module Vk−2(K) ⊗K K
ǫ
. Finally, let G
be the group with Γ1(N) ≤ G ≤ Γ0(N) suh that G/Γ1(N) = ∆p, the p-Sylow
subgroup of ∆. Note that G ats freely on H.
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Lemma 7.2 Let us assume 7.1. Then H1(Γ1(N), Vk−2(K)) and its paraboli
subspae are oindued K[∆p]-modules.
Proof. We write V = Vk−2(K) and Γ := Γ1(N). The Hohshild-Serre
spetral sequene (in the notation from [17℄, Appendix B, we use the exat
sequene E21 → E
1,1
2 → E
3,0
2 ) gives the exat sequene
ker
(
H2(G, V )→ H0(∆p, H
2(Γ, V ))
)
→ H1(∆p, H
1(Γ, V ))→ H3(∆p, H
0(Γ, V )),
whene H1(∆p, H
1(Γ, V )) is zero by Corollary 2.1 and Proposition 2.5. From
Proposition 2.2 it follows taking ∆p-ohomology that the sequene
0→ H1par(Γ, V )
∆p → H1(Γ, V )∆p
res
−−→
( ∏
g∈Γ\PSL2(Z)/〈T 〉
H1(Γ ∩ 〈gTg−1〉, V )
)∆p
→ H1(∆p, H
1
par(Γ, V ))→ 0
is exat. It an be heked (using that −1 6∈ G and that p does not divide the
ramiation indies of the usps) that the rst three terms are
0→ H1par(G, V )→ H
1(G, V )
res
−−→
∏
g∈G\PSL2(Z)/〈T 〉
H1(G ∩ 〈gTg−1〉, V )→ 0,
where the zero on the right is again a onsequene of Proposition 2.2. Hene,
H1(∆p, H
1
par(Γ, V )) is zero. Finally, [19℄, Proposition 1.7.3(ii), implies that
H1(Γ, V ) and its paraboli subspae are oindued ∆p-modules. ✷
Lemma 7.3 Let us assume 7.1. Then Sk(Γ1(N),K) is a free K[∆p]-module.
Proof. For the notation in this proof we follow [6℄, pp. 209-210 and the
proof of Lemma 1.9. We let Γ := Γ1(N).
The projetion π : XΓ ։ XG is a Galois over with group∆p of projetiveK-
shemes. Indeed, for the open part this is [4℄, VI.2.7. Moreover, the ramiation
index of the usps divides N , whene the usps are unramied in a p-extension.
Using Serre duality and the Kodaira-Spener isomorphism (see [4℄, VI.4.5.2)
we obtain
H1(XG, ω
⊗k(−cusps))
S-D
∼= H0(XG,Ω
1 ⊗ (ω⊗k(−cusps))∨)∨
K-S
∼= H0(XG, ω
⊗2−k)∨
whih is zero, sine the degree of ω⊗2−k is negative (as k ≥ 3). The map π is
étale and we have H0(XΓ, π
∗ω⊗k(−cusps)) ∼= Sk(Γ,K). We onlude from [18℄,
Theorem 2, that this is a free K[∆p]-module. ✷
Theorem 7.4 Let us assume 7.1 and that H1par(Γ1(N), Vk−2(K)) is a faithful
TK(Sk(Γ1(N),K))-module. Then H
1
par(Γ0(N), V
ǫ
k−2) is a faithful module for
TK(Sk(Γ1(N), ǫ,K)).
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Proof. Let Γ := Γ1(N). We laim that N∆ :=
∑
δ∈∆ δ ∈ K[∆] indues
isomorphisms
(7.8) (Sk(Γ,K)⊗K K
ǫ)∆ → (Sk(Γ,K)⊗K K
ǫ)∆
and
(7.9) H1par(Γ, V
ǫ
k−2)∆ → H
1
par(Γ, V
ǫ
k−2)
∆.
We note that H1(Γ, Vk−2(K)) ⊗K K
ǫ = H1(Γ, V ǫk−2), sine the harater ǫ
restrited to Γ is trivial. Using Lemmas 7.2 and 7.3, an elementary alulation
gives the laim.
Dualising Equation (7.8) gives an isomorphism
(
T(Sk(Γ,K))⊗K
ǫ
)
∆
N∆−−→
(
T(Sk(Γ,K))⊗K
ǫ
)∆
,
whih in partiular yields the impliation
(7.10) T (
∑
δ∈∆
ǫ(δ)−1〈δ〉) = 0 ⇒ T ∈ I,
where I is the ideal dened in Proposition 6.5. In view of that proposition, we
only need to show that if T ats as zero on H1(G, V ǫk−2), then T is in I.
The Hohshild-Serre spetral sequene yieldsH1(Γ, V ǫk−2)
∆ ∼= H1(G, V ǫk−2),
sine (V ǫk−2)
Γ
is zero by Proposition 2.5. Let now T be a Heke operator. Then
we have
T ·H1(G, V ǫk−2) = T ·H
1(Γ, V ǫk−2)
∆
= TN∆ ·H
1(Γ, V ǫk−2)∆ = T (
∑
δ∈∆
ǫ(δ)−1〈δ〉) ·H1(Γ, Vk−2(K))
Suppose that this is zero. Hene, by the assumed faithfulness we have that
T (
∑
δ∈∆ ǫ(δ)
−1〈δ〉) = 0, whih by Equation (7.10) implies T ∈ I, as required.
✷
Remark 7.5 If k = 2, then the statements of Theorem 7.4 also hold outside
the Eisenstein part. The Eisenstein part is the subspae on whih the Heke al-
gebra ats via a system of eigenvalues that does not belong to an irreduible
Galois representation. For, a suitable analogue of Lemma 7.3 holds, sine
H1(XG, ω
⊗k(−cusps)) ∼= H0(XG,O)
∨
annot give rise to a non-Eisenstein sys-
tem of eigenvalues. Moreover, under the extra assumption also Lemma 7.2
remains valid, as an easy alulation shows.
8 Appliation to weight one modular forms
Edixhoven explains in [8℄, Setion 4, how weight one uspidal Katz modular
forms over nite elds of harateristi p an be omputed from the knowledge
of the Heke algebra of weight p usp forms over the same eld. In this setion
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we shall rst reall this and then derive the onlusion mentioned in the intro-
dution that weight one modular usp forms over Fp an be omputed by the
Heke operators on weight p paraboli group ohomology over Fp.
Let F be a nite eld of prime harateristi p or Fp and x a level N ≥ 1
with p ∤ N and a harater ǫ : (Z/NZ)∗ → F∗ with ǫ(−1) = (−1)k. We have
two injetions of F-vetor spaes
F,A : S1(Γ1(N), ǫ,F)→ Sp(Γ1(N), ǫ,F),
given on q-expansions by an(Ag) = an(g) and an(Fg) = an/p(g) (with an(Fg) =
0 if p ∤ n), whih are ompatible with all Heke operators Tl for primes l 6= p.
The former omes from the Frobenius and the latter is multipliation by the
Hasse invariant. One has T
(p)
p F = A and AT
(1)
p = T
(p)
p A + ǫ(p)F , where we
have indiated the weight as a supersript (see e.g. [8℄, Equation (4.1.2)).
Let T(k) be the Heke algebra over F of weight k for a xed level N and
a xed harater ǫ. We will also indiate the weight of Heke operators by
supersripts. We denote by A(p) the Fp-subalgebra of T
(p)
generated by all
Heke operators T
(p)
n for p ∤ n.
Proposition 8.1 (a) There is a homomorphism Θ, alled a derivation, whih
on q-expansions is given by an(Θf) = nan(f) suh that the sequene
0→ S1(Γ1(N), ǫ,F)
F
−→ Sp(Γ1(N), ǫ,F)
Θ
−→ Sp+2(Γ1(N), ǫ,F)
is exat.
(b) Suppose f ∈ S1(Γ1(N), ǫ,F) suh that an(f) = 0 for all n with p ∤ n. Then
f = 0. In partiular AS1(Γ1(N), ǫ,F) ∩ FS1(Γ1(N), ǫ,F) = 0.
() The Heke algebra T(1) in weight one an be generated by all T
(1)
l , where l
runs through the primes dierent from p.
(d) The weight one Heke algebra T(1) is the algebra generated by the A(p)-ation
on the module T(p)/A(p).
Proof. (a) The main theorem of [15℄ gives the exat sequene
0→ S1(Γ1(N), ǫ,F)
F
−→ Sp(Γ1(N), ǫ,F)
AΘ
−−→ S2p+1(Γ1(N), ǫ,F)
by taking Galois invariants. However, as explained in [8℄, Setion 4, the image
AΘSp(Γ1(N), ǫ,F) in weight 2p+1 an be divided by the Hasse invariant, whene
the weight is as laimed.
(b) The ondition implies by looking at q-expansions that AΘf = 0, whene
by Part (3) of Katz' theorem ited above f omes from a lower weight than 1,
but below there is just the 0-form (see also [8℄, Proposition 4.4).
() It is enough to show that T
(1)
p is linearly dependent on the span of all T
(1)
n
for p ∤ n. If it were not, then there would be a modular usp form of weight 1
satisfying an(f) = 0 for p ∤ n, but ap(f) 6= 0, ontraditing (b).
(d) Dualising the exat sequene in (a) yields that T(p)/A(p) and T(1) are
isomorphi as A(p)-modules, whih implies the laim. ✷
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Proposition 8.2 Let N ≥ 1 and k ≥ 2 be integers suh that p ∤ N , F|Fp a
nite extension and let ǫ : (Z/NZ)∗ → F∗ be a harater with ǫ(−1) = (−1)k.
Set
B =
N
12
∏
l|N,l prime
(1 +
1
l
).
(a) Then the Heke operators T
(k)
1 , T
(k)
2 , . . . , T
(k)
kB generate T
(k)
as an F-vetor
spae.
(b) The F-algebra A(p) an already be generated as an F-vetor spae by the set
{ T (p)n | p ∤ n, n ≤ (p+ 2)B }.
Proof. (a) This follows from the proof of [8℄, Proposition 4.2.
(b) Assume that some T
(p)
m form > (p+2)B and p ∤ m is linearly independent
of the operators in the set of the assertion. This means that there is a usp form
f ∈ Sp(Γ1(N), ǫ,F) satisfying an(f) = 0 for all n ≤ (p + 2)B with p ∤ n, but
am(f) 6= 0. One gets an(Θf) = 0 for all n ≤ (p+ 2)B, but am(Θf) 6= 0. This
ontradits (a). ✷
Remark 8.3 If we work with Γ1(N) and no harater, the number B above has
to be replaed by
B′ =
N2
24
∏
l|N,l prime
(1 −
1
l2
).
Part of the following proposition is [8℄, Proposition 6.2.
Proposition 8.4 Let V ⊂ Sp(Γ1(N), ǫ,F) be the eigenspae of a system of
eigenvalues for the operators T
(p)
l for all primes l 6= p
If the system of eigenvalues does not ome from a weight one form, then V
is at most of dimension one. Conversely, if there is a normalised weight one
eigenform g with that system of eigenvalues for T
(1)
l for all primes l 6= p, then
V = 〈Ag, Fg〉 and that spae is 2-dimensional. On it T
(p)
p ats with eigenvalues
u and ǫ(p)u−1 satisfying u + ǫ(p)u−1 = ap(g). In partiular, the eigenforms in
weight p whih ome from weight one are ordinary.
Proof. We hoose a normalised eigenform f for all operators. If V is at
least 2-dimensional, then we have V = Ff ⊕ {h | an(h) = 0 ∀p ∤ n}. As a form
h in the right summand is annihilated by Θ, it is equal to Fg for some form g
of weight one by Proposition 8.1 (a). By Part (b) of that proposition we know
that 〈Ag, Fg〉 is 2-dimensional. If V were more than 2-dimensional, then there
would be two dierent usp forms in weight 1, whih are eigenforms for all T
(1)
l
with l 6= p. This, however, ontradits Part ().
Assume now that V is 2-dimensional. Any normalised eigenform f ∈ V for
all Heke operators in weight p has to be of the form Ag+µFg for some µ ∈ F.
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The eigenvalue of T
(p)
p on f is the p-th oeient, hene u = ap(g) + µ, as
ap(Fg) = a1(g) = 1. Now we have
(ap(g) + µ)(Ag + µFg) = T
(p)
p (Ag + µFg) = T
(p)
p Ag + µAg
= AT (1)p g − ǫ(p)Fg + µAg = (ap(g) + µ)Ag − ǫ(p)Fg,
whih implies −ǫ(p) = (ap(g) + µ)µ = u
2 − uap(g) by looking at the p-th
oeient. From this one obtains the laim on u. ✷
Theorem 8.5 Let N ≥ 5 an integer and p be a prime not dividing N .
(a) The Heke algebra of S1(Γ1(N),Fp) an be omputed using the rst (p+2)B
′
Heke operators on H1par(Γ1(N), Vp−2(Fp)).
(b) Let F be a nite eld of harateristi p ≥ 5 and let ǫ : (Z/NZ)∗ → F∗ be a
harater. The Heke algebra of S1(Γ1(N), ǫ,F) an be omputed using the
rst (p+ 2)B Heke operators on H1par(Γ0(N), V
ǫ
p−2(F)).
The numbers B resp. B′ were dened in Proposition 8.2 and Remark 8.3.
Proof. (a) Corollary 6.9 implies that the ordinary part of H1par(Γ1(N),Fp)
is a faithful module for the ordinary part of the Heke algebra of weight p Katz
usp forms over Fp. So that part of the Heke algebra an be omputed using the
Heke operators T1, . . . , TpB′ on H
1
par(Γ1(N),Fp) (see Proposition 8.2(a)). From
Proposition 8.4 we know that the image of the weight one forms in weight p under
the Hasse invariant and Frobenius lies in the ordinary part. Proposition 8.2(b)
implies that A(p) an be omputed by the Heke operators indiated there. Now
the Heke algebra of weight one Katz usp forms on Γ1(N) without a harater
an be omputed as desribed in Proposition 8.1(d).
(b) Under the extra assumption and using Theorem 7.4, the same arguments
also work with a harater and the bound B. ✷
Referenes
[1℄ A. Ash and G. Stevens. Modular forms in harateristi l and speial values
of their L-funtions, Duke Math. J. 53 (1986), no. 3, 849868.
[2℄ S. Bosh, W. Lütkebohmert and M. Raynaud. Néron Models, Springer Ver-
lag, Berlin, 1990.
[3℄ K. S. Brown. Cohomology of groups, Springer, New York, 1982.
[4℄ P. Deligne and M. Rapoport. Les shémas de modules de ourbes ellip-
tiques, in Modular funtions of one variable, II (Pro. Internat. Summer
Shool, Univ. Antwerp, Antwerp, 1972), 143316. Leture Notes in Math.
349, Springer, Berlin, 1973.
[5℄ F. Diamond and J. Im. Modular forms and modular urves, in Seminar
on Fermat's Last Theorem (Toronto, ON, 19931994), 39133, Amer. Math.
So., Providene, RI, 1995.
24
[6℄ S. J. Edixhoven. Serre's Conjeture, in Modular forms and Fermat's last
theorem (Boston, MA, 1995), 209242, Springer, New York, 1997.
[7℄ S. J. Edixhoven. The weight in Serre's onjetures on modular forms, Invent.
math. 109 (1992), no. 3, 563594.
[8℄ S. J. Edixhoven. Comparison of integral strutures on spaes of modular
forms of weight two, and omputation of spaes of forms mod 2 of weight
one. Journal of the Inst. of Math. Jussieu 5 (2006), no. 1, 134.
[9℄ M. Emerton, R. Pollak and T. Weston. Variation of Iwasawa Invariants in
Hida Families. Invent. math. 163 (2006), no. 3, 523580.
[10℄ G. Faltings, B. W. Jordan. Crystalline Cohomology and GL2(Q), Israel J.
Math. 90 (1995), no. 13, 166.
[11℄ B. H. Gross. A tameness riterion for Galois representations assoiated to
modular forms (mod p), Duke Math. J. 61 (1990), no. 2, 445517.
[12℄ A. Herremans. A ombinatorial interpretation of Serre's onjeture on mod-
ular Galois representations, Ann. Inst. Fourier (Grenoble) 53 (2003), no. 5,
12871321.
[13℄ P. J. Hilton, U. Stammbah. A ourse in homologial algebra. Seond edi-
tion. Graduate Texts in Mathematis, 4. Springer-Verlag, New York, 1997.
[14℄ N. M. Katz. p-adi properties of modular shemes and modular forms.Mod-
ular funtions of one variable, III (Pro. Internat. Summer Shool, Univ.
Antwerp, Antwerp, 1972). Leture Notes in Mathematis, Vol. 350, Springer,
Berlin, 1973, 69190.
[15℄ N. M. Katz. A result on modular forms in harateristi p. Modular fun-
tions of one variable, V (Pro. Seond Internat. Conf., Univ. Bonn, Bonn,
1976), 5361. Leture Notes in Math., Vol. 601, Springer, Berlin, 1977.
[16℄ N. M. Katz and B. Mazur. Arithmeti moduli of ellipti urves, Ann. of
Math. Stud. 108, Prineton Univ. Press, Prineton, NJ, 1985.
[17℄ J. S. Milne. Etale ohomology. Prineton Mathematial Series, 33. Prine-
ton University Press, Prineton, N.J., 1980.
[18℄ S. Nakajima. On Galois module struture of the ohomology groups of an
algebrai variety. Inv. math. 75 (1984), 18.
[19℄ J. Neukirh, A. Shmidt and K. Wingberg. Cohomology of Number Fields,
Grundlehren der mathematishenWissenshaften 323, Springer, Berlin, 2000.
[20℄ G. Shimura. Introdution to the Arithmeti Theory of Automorphi Forms.
Prineton University Press, 1994.
[21℄ G. Wiese. Computing Heke algebras of weight 1 in Magma. Appendix B
of [8℄.
[22℄ G. Wiese. Modular Forms of Weight One Over Finite Fields. Ph.D. thesis,
Universiteit Leiden.
[23℄ G. Wiese. On modular symbols and the ohomology of Heke triangle sur-
faes. Preprint. arXiv:math.NT/0511113.
25
[24℄ A. J. Wiles. Modular Ellipti Curves and Fermat's Last Theorem, Ann. of
Math. (2) 141 (1995), no. 3, 443551.
Gabor Wiese
NWF I - Mathematik
Universität Regensburg
D-93040 Regensburg
Deutshland
E-mail: gaborpratum.net
Web page: http://maths.pratum.net/
26
